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IMPORTATION OF BAND HEAD SPIN FOR SUPERDEFORMED BANDS IN MASS REGION
A ~ 60 -90 USING THE VARIABLE MOMENT OF INERTIA MODEL

We are currently applying the variable moment of inertia model to nuclei in mass region A ~ 60 - 90 in order to
improve spectroscopic analysis of its rotational bands in the superdeformed region, which in turn is helpful in the band

head spin prediction and other spins for superdeformed bands. The moment of inertia of the ground state, 3, and restoring
force constant, C, were calculated by fitting the observed transition energies. The band head spin, |, was determined in

terms of the ratio of transition energies, verified by root mean square deviations. We verified that the observed high spin
superdeformed bands display a near-rigid rotor behavior by studying transition energies over twice the angular momentum

(RTEOS). The calculated and observed transition energies agree well.
Keywords: superdeformed band, spin assignment, variable moment of inertia model.

1. Introduction

Since the discovery of the first superdeformed
(SD) band in ***Dy, the subject of superdeformation
has been at the forefront of nuclear structure physics
[1, 2]. There are currently experimental data on SD
rotational bands in the A=80,130,150, and 190

mass regions, respectively, of the periodic table [3 -
6]. The SD mass region A=60-90 is of particular
interest because of the limited number of particles
found in these nuclei and the fact that they have the
lightest masses and, consequently, the highest rota-
tional frequencies [7]. Furthermore, these SD nuclei
have received poor theoretical research. Most of the
SD bands in this mass range behave similarly in terms
of their dynamic moment of inertia and rotational fre-
guency i.e., they exhibit a smooth decrease as fre-
guency increases. Gamma-ray energies are sadly the
only generally accessible spectroscopic data for the
SD bands. Due to the discrete connecting transitions
between the low-lying states during normal defor-
mation (ND) and the SD states not being observed.
Poor experimental data exist for the spin of the rota-
tional bands, making theoretical calculations the sole
option to determine the spin value. Spins have been
assigned to SD states using a variety of methods.
These strategies use both direct and indirect tech-
niques to give the states in SD bands a spin [8 - 10].
The specifics of the variable moment of inertia (VMI)
model are covered in Section Il of this study, which
is organized as follows. Section Il contains the re-
sults and commentary. The work’s conclusions are
presented at the end.
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2. Mathematical model

Mariscotti et al. [11, 12] were the ones who ini-
tially suggested the VMI model in order to forecast
the various level energies of ground state bands in
even-even nuclei. This approach effectively genera-
lizes the ratio of the greater mass nucleus and repre-
sents the rotational energy as an expansion in terms

of I (1+1). The sum of the potential energy term and

the rotational energy term vyields the VMI equation
for rotational bands:

[H(+D=To(lo+1)] C(9, = 8,)"

E =E,+
e 29, 2

D)

The first term indicates the band head's energy, E,.
Rotational energy is represented by the second term,
where | is angular momentum, |, the band head’s
angular momentum and 9, is the corresponding mo-

ment of inertia of the state with angular momentum
I. The potential energy is the third term, where C is
restoring force constant (stiffness parameter), 9, the
band head’s moment of inertia.

Utilizing the equilibrium condition

GE(S)) _
. ?

we are able to rewrite Eq. (1) as:

i +1)2_3I30(I0+1)]+C(8' ~9,)=0. (3)
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Also, we rewrite this equation as

[1(1+1)—=1,(1,+1)] _

93-9,9% -
| oYl 2C

(4)

This cubic equation has one real root for any positive
value of $, and C. Using Eq. (3), we may rewrite

Eqg. (1) as follows:

[1(1+1) =1, (1,+1)]

E, =E, + 29, +
+[l(l +1)—|04(|0+1)] | ©)
8C9;

In adiabatic limit, 9, =9,. This leads to the fol-
lowing expression

[1(1+1) = 1(1,+1)]

E =E, + 29, +
+[|(|+1)—|04(|0+1)]2' ©
8CY;

The transition energy for SD bands is written as:
EV(I—>I—2)=E(I)—E(I—2). (7
E (151 _2):[|(| +1)-(1-2)(1-1)]

[1(1+1)-(-2)( -1

8C9;

+

+

(8)

For a SD band cascade we have

lp+2n=>1,+2n-2— ... I+ 21,  (9)

The transition energies are: EV(I0+2n),

E (l,+2n-2), E,(l,+2n-4),..., EY(I0+4),
E,(l,+2). Fitting with Eq. (8) the observed

transition energies, the parameters 3, and C values are

determined. The ratio of transition energies may be
used to calculate the band head spin as:

CE(1+2-51)
R—m. (10)

The root mean square (rms) deviations of the
transition energies computed at various |,-values

were used to confirm the accuracy of the band head
spin:

N

Eexp(h)%2 . (1)

rms = iN| B I)
Nz\ “(,)

Here N is the total number of fitted transitions, and
transition energies over twice spin (RTEOS).

3. Results and discussion

The band head spin of all the 13 known bands in
*®Ni (by), *®Cu, *°Cu (by), ®'Zn, %2Zn, *Zn, %8zn, 8zr,
87r (b1), ¥Mo (b1, bz, bs) and %Tc nuclei were
determined in the form of the gamma transition
energy ratio, Eq. (10). The comparison with other
theoretical results is given in Table 1.

Table 1. The band head spin |, for isotopes together with the computed transition energy,
as well as the values from the available theoretical models and the stiffness constant (C)
and band head moment of inertia (3, ) utilized in the fitting

Exp B VMI B o

spband | 5 (o >lo=2). | B (lo>1o-2) M(;{/s 80'_1 Present | Ref. | Ref. | Exp.
MeV MeV MeV™ | assigned | [13] | [14] | [4]

8Ni(h;) 1.6630 1.6693 0.0625 20.68 13 13 17 15
8Cu 0.8300 0.8969 0.0257 21.61 4 8 15 9
5Cu(b,) 1.5990 1.6121 0.0935 19.74 12.5 135|205 | -

517Zn 1.4320 1.3837 1.2700 17.52 135 1751235 | 125
62Zn 1.9930 1.9773 1.1400 18.10 18 22 26 -
857Zn 1.3410 1.2574 0.3010 19.68 20.5 125|215 -
%8Zn 1.5060 1.5106 0.3190 22.64 14 18 27 -
84Zr 1.5260 1.5119 0.9770 27.40 21 25 36 -
8Zr(by) 1.5180 1.4846 0.1080 32.40 28 27 37 -
8Mo(by) 1.2380 - 0.0044 67.06 - 27 29 -
8Mo(b,) 1.4580 1.4585 0.0171 49.13 32 24 28 -
8Mo(bs) 1.2600 - 0.0054 65.76 - 23 30 -
8Tc 1.1470 1.1189 0.2420 30.99 20.5 235|335 | -
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Table 1 presents two parameters, the band head
moment of inertia , and the restoring constant, C,

which are found by fitting empirically observed
transition energies to the VMI model equation,
Eq. (8). It is observed that calculated transition
energies of studied nuclei compare well to observed
transition energies, except ®Mo (b;) and %Mo (bs),
the reason for this is due to not calculating the band
head spin, |,, which depends on the discriminant of

Eg. (10), and its value in both cases is not positive, bs,
b, and bs; represent bandl, band2 and band3,
respectively. It is clear that the calculated band head
spin is slightly less than the value quoted in the
references [4, 13, 14] for *®Ni(b;) and *®Cu except
®17n greater than only the experimental value. The
calculated transition energies for different band head
spin, 1y, with the rms deviations value of studied

nuclei are given in Table 2.

Table 2. The calculated transition energies for different band head spin (1)
with the rms deviation value of studied nuclei

Nucleus 8Ni(b,)
Band head spin lo
12 13 14
EPP(1>1-2), | EM(1>1-2), ;B (12, [ M (151-2),

MeV MeV MeV MeV
1.663 14 1521 15 1.669 16 1.824
1.989 16 1.824 17 1.988 18 2.161
2.350 18 2.161 19 2.342 20 2.534
2.750 20 2.534 21 2.735 22 2.948
3.157 22 2.948 23 3.171 24 3.407
rms 0.078833124 0.003772264 0.083198058

Nucleus %8Cu

Band head spin 3 4 5
0.83 5 0.433 6 0.539 7 0.651
1.197 7 0.651 8 0.770 9 0.896
1.576 9 0.896 10 1.032 11 1.178
1.955 11 1.178 12 1.336 13 1.505
2.342 13 1.505 14 1.688 15 1.886
2.748 15 1.886 16 2.098 17 2.328

rms 0.409367931 0.316858842 0.218591322
Nucleus %Cu(by)

Band head spin 115 12.5 13.5
1.599 135 1.472 145 1.612 15.5 1.757
1.900 15.5 1.757 16.5 1.910 17.5 2.068
2.242 17.5 2.068 18.5 2.234 19.5 2.408
2.611 19.5 2.408 20.5 2.590 215 2.780
3.004 21.5 2.780 22.5 2.979 235 3.187
3.424 235 3.187 24.5 3.405 25.5 3.633
3.827 25.5 3.633 26.5 3.872 27.5 4,122

rms 0.072401784 0.007613363 0.076481402
Nucleus 51Zn

Band head spin 125 13.5 14.5
1.432 14.5 1.620 15.5 1.739 16.5 1.859
1.626 16.5 1.859 17.5 1.980 18.5 2.102
1.845 18.5 2.102 195 2.225 20.5 2.348
2.082 20.5 2.348 21.5 2473 22.5 2.599
2.307 22.5 2.599 23.5 2.725 24.5 2.853
2.545 24.5 2.853 25.5 2.982 26.5 3.113
2.818 26.5 3.113 27.5 3.244 28.5 3.377
3.127 28.5 3.377 29.5 3.512 30.5 3.647
3.466 30.5 3.647 315 3.785 32.5 3.924

rms 0.117757687 0.17661717 0.236192094
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Continuation of Table 2

Nucleus 2Zn
Band head spin lo
17 18 19
EP(1>1-2), | EM(1>1-2), | EM(1>1-2), | EM(1>1-2),
MeV MeV MeV MeV
1.993 19 2.095 20 2.215 21 2.335
2.215 21 2.335 22 2.456 23 2.579
2.440 23 2.579 24 2.702 25 2.827
2.690 25 2.827 26 2.953 27 3.080
2.939 27 3.080 28 3.208 29 3.338
3.236 29 3.338 30 3.469 31 3.602
rms 0.049655918 0.099280728 0.149497486
Nucleus 5Zn
Band head spin 19.5 20.5 215
1.341 21.5 2.338573 22.5 2.470881 235 2.606111
1.491 235 2.606111 24.5 2.744397 25.5 2.885872
1.668 25.5 2.885872 26.5 3.030668 27.5 3.178918
1.887 27.5 3.178918 28.5 3.330755 29.5 3.486312
2121 29.5 3.486312 30.5 3.645723 315 3.809118
2.362 315 3.809118 32.5 3.976632 335 4.148398
2.963 335 4.148398 34.5 4.324548 35.5 4.505215
3.005 35.5 4.505215 36.5 4.690532 37.5 4.880631
3.349 375 4.880631 38.5 5.075647 39.5 5.27571
rms 0.625633264 0.70277537 0.781809147
Nucleus 8Zn
Band head spin 13 14 15
1.506 15 1.316 16 1.413 17 1.510
1.717 17 1.510 18 1.609 19 1.709
1.918 19 1.709 20 1.810 21 1.913
2121 21 1.913 22 2.017 23 2.122
2.331 23 2.122 24 2.229 25 2.338
2.555 25 2.338 26 2.449 27 2.561
2.795 27 2.561 28 2.676 29 2.792
3.037 29 2.792 30 2.910 31 3.031
rms 0.100164738 0.050491593 0.002744648
Nucleus 84Zr
Band head spin 20 21 22
1.526 22 1.587 23 1.663 24 1.738
1.663 24 1.738 25 1.815 26 1.891
1.808 26 1.891 27 1.968 28 2.045
1.959 28 2.045 29 2.122 30 2.199
2.114 30 2.199 31 2.277 32 2.356
2.272 32 2.356 33 2.434 34 2.513
2.435 34 2.513 35 2.592 36 2.672
2.599 36 2.672 37 2.752 38 2.832
2.761 38 2.832 39 2.913 40 2.995
rms 0.038429433 0.076795189 0.115392387
Nucleus %Zr(by)
Band head spin 27 28 29
1.518 29 1.954 30 2.037 31 2.122
1.646 31 2.122 32 2.208 33 2.295
1.785 33 2.295 34 2.384 35 2.475
1.929 35 2.475 36 2.568 37 2.663
2.077 37 2.663 38 2.759 39 2.857
2.228 39 2.857 40 2.957 41 3.059
2.540 41 3.059 42 3.164 43 3.270
2.696 43 3.270 44 3.378 45 3.489
rms 0.267906567 0.315246781 0.363523283
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Continuation of Table 2

Nucleus 8Mo(h,)
Band head spin lo
31 32 33
EPP(1>1-2), | EM(1>1-2), | EM(1>1-2), | EM(1>1-2),
MeV MeV MeV MeV
1.458 33 1.668 34 1.741 35 1.817
1.596 35 1.817 36 1.894 37 1.974
1.743 37 1.974 38 2.056 39 2.14
1.895 39 2.14 40 2.226 41 2.315
2.051 41 2.315 42 2.407 43 2.500
2.229 43 2.500 44 2.597 45 2.696
rms 0.132571387 0.179204138 0.22711699
Nucleus 8Tc
Band head spin 19.5 20.5 215
1.147 21.5 1.397 22.5 1.467 23.5 1.539
1.259 23.5 1.539 24.5 1.611 25.5 1.683
1.384 25.5 1.683 26.5 1.756 27.5 1.830
1.521 27.5 1.830 28.5 1.905 29.5 1.980
1.668 29.5 1.980 30.5 2.057 31.5 2.134
1.818 31.5 2.134 32.5 2.212 33.5 2.290
1.975 33.5 2.290 34.5 2.370 35.5 2.450
2.136 35.5 2.450 36.5 2.532 37.5 2.614
2.298 37.5 2.614 38.5 2.698 39.5 2.782
2.459 39.5 2.782 40.5 2.868 415 2.954
2.625 415 2.954 42.5 3.042 43.5 3.131
rms 0.178146189 0.223751583 0.269844365

Knowing that VMI and rms results differ by +1
value, it is obvious that the band head spin, |, given
by the VMI equation for %zn, ®2zn, ®zn, ®zr,
8Zr(b1), ®Mo(b), and #Tc is one greater than the
minimum rms value, and the band head spin given by
the VMI equation for %®Ni(b;) and *°Cu(by) are in
agreement with the minimum rms, similarly for *3Cu

o o o
[} ~ ¢}
1 1 M 1

o
o1
1

Root mean square deviations

1,=19.5

and %Zn, the band head spin, 1,, given by the VMI

equation is one less than the minimum rms value. In
most cases, the computed values are in good agree-
ment with the experimental data, meaning that the
estimated energy spectra are accurately replicated.
The spin value derived through rms deviation serves
as proof of this computation.

—=— 58Nii(b,)
e %8Cu
A %Cu(b,)
v %zn
Gzzn
GSZn
GBZn
—e— 8471
% 87r(b))

0.4 * —&— 88Mo(b,)
“ * 89T
034 -° a X
14 )' 195 28 '

0.2 4 5. 33

125 W 1o 205 R
0.1 Mo & o P S

125 AR 5“ ‘\

¢
0.0 1 usdgl 0 N
T T T T T T T T 1
0 5 10 15 20 25 30 35

Band head spin

Fig. 1. The rms deviations as a function of band head spin ( |,) of studied nuclei.
(See color Figure on the journal website.)
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Fig. 2. The ratio of transition energies over twice spin (TEOS) as a function of spin (I) for studied nuclei.
(See color Figure on the journal website.)

Fig. 1 presents the bands of nuclei °®Ni(by),

»Cu(by), *Zn and ®Zn which are similar in terms of
the band head spin, 1,, values and the range of rms

deviations are greater than zero and less than 0.3,
while the bands of nuclei %2zn, ®zn, #Zzr, and ®Tc are
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similar in terms of 1, values, and the range of rms is

greater than zero and less than 0.8, indicating that the
values of the transition energies are similar. This is
consistent with the idea that there are identical bands
in the nuclei with masses between A=60 and
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A=90. When examining the properties of the current

nuclei, the quantity o= is very helpful

3
0
because it measures how soft the nucleus is. The
nuclear softness parameter is connected to the rigidity
of the nucleus and the rigidity of the nucleus increases
with increasing superdeformation indicating near-

rigid rotor behavior. Nuclear softness parameters for

SD bands are in the range of 10° <5 <10™* [15].
When compared to the range of the study SD bands,

which is 10° <5 <107, it is obvious that the study
SD bands are bigger than it and less than ND,

10 < 5<1072 [16, 17], which indicates that studied
SD bands are significantly more rigid. This can be
indicated by plotting the ratio of transition energies
over twice spin (RTEOS) versus spin (I) shown in
Fig. 2. If the band head spin, 1,, is set correctly, i.e.,

with high accuracy, so, the behavior of the curve
resulting from drawing the relationship between the
angular momentum and the ratio of the transition
energies over twice the angular momentum is an
approximation of a straight line (fixed) for the rigid

rotating nuclei. But if the band head spin, 1,, devi-

ates by +1 from the set value, the behavior of the
curve is hyperbolic to the outside. Also, the defor-
mation of these nuclei also increases, which indicates
their semi-rigid behavior.

4. Conclusion

The VMI model is used to forecast the band-head
spin (1,) of 13 SD rotating bands in the A=60—-90

mass region. The rotational SD bands showed
remarkably excellent rotational properties and rigid
behavior. The recommended band-head spins had an
impact on the transition energies. If the band-head
spin value is accurately assigned, the rigid behavior
has been validated by the relationship between ratio
transition energies over twice spin E /21 (RTEOS)

and angular momentum (1). The estimated and
observed transition energies are in good agreement.
This method gives a very comprehensive interpreta-
tion of the spin assignment of SD rotational bands,
which could help in designing future experiments for
SD bands.
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IMPORTATION OF BAND HEAD SPIN FOR SUPERDEFORMED BANDS IN MASS REGION A ~ 60 - 90

K. A. T'agot?*

! Kagheopa ¢hisuxu, paxynomem npupoonuqux nayx i mucmeyme, Anv-Mixsea, Ynicepcumem Anv-baxa,
Anv-Baxa, Cayodiecoka Apagis
2 Kagpeopa gynoamenmanvhux nayx, Binvbericoxuil Buwyuil inoicenepruii incmumym, Binvbeiic, Hlapxis, €2unem

*BianosiganeHuii aBTop: gjado76@gmail.com

BU3HAUYEHHS CIIIHY I'OJIOBHOI CMYTH VI CYNIEPJIE®@OPMOBAHUX SIJIEP
3 MACAMM A ~ 60 — 90 3 BAKOPUCTAHHSAM MOJEJI 31 SMIHHUM MOMEHTOM IHEPIIIT

Mpu 3acTOCOBYEMO MOZENTH 3MIHHOTO MOMEHTY iHepmii mo simep B obmacti mac A ~ 60 — 90 mis mokparieHHs
CIIEKTPOCKOIIIYHOTO aHaJIi3y CMYT 00epTaHHs B cynepaedhopMoBaHiii 00J1acTi, 10, B CBOIO YEpry, TOMOMAra€ BUZHAYUTH
CIIiH TOJIOBHOI CMYTH Ta iHIIMX cynepaedopMoBaHuX cMyr. MOMEHT iHepIlii OCHOBHOTO CTaHy Jo i BiJIHOBIIOBaJIbHA
cuiioBa koHcTanTa C Oy po3paxoBaHi MiJIrOHOI0 TEOPETUYHHX SHEPTii epexoty 1o crnoctepexyBanuX. CIiH roJoBHOT
cMmyru lo OyB BH3HaueHHMH 3a JIOMIOMOTOIO BIJHOLICHHS EHEpriii MepexoiiB 3a MIHIMyMOM CepelHIX KBaJpaTUUYHHX
BiaxwieHb. OTpUMaHi BUCOKI CITIHU CynepaeOpMOBaHHX CMYT JEMOHCTPYIOTh MOBEAIHKY OJIM3BKY 1O YKOPCTKOTO
poTopa Ipy BUBYEHHI 3aJI€XKHOCTI €Hepriii mepexomy Bij moasiiiHoro xyroBoro MmoMeHty (RTEOS). Po3paxoani Ta
CIIOCTEpeXXKyBaHi eHeprii nepexoay 100pe y3roKyIOThCs.

Kniouosi crosa: cynepaedopmoBana cMyra, BUSHaYE€HHSI CITIHY, MOJIENb 3MIHHOTO MOMEHTY 1HepIIii.
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